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PREFACE. 


A T~he request of assist~nts and. pupils, .as a help and for -home instruction, I have co~piled 
thIs course of constructive draWIng, as it has been taught for the past twenty years In the 

Chicago City High-Schools, in the Drawing Department of the Chicago Mechanics' Institute and 
lately in the Columbian Trade and Business School. 

.A. practical experience of seventeen years in office and shop and his occupation as teacher 
during the past twenty years have given the author such experience and judgment as to select only 
such problems as are o~ practical importance to all those whose studies'lead to architectural, mechanical 
and engineering vocations, and are also indispensable to manufacturing and industrial pursuits. 

The subject is divided into four boo~s, and will consist of: 
1st volume.-Geometrical constructions. 
2d ." Projection (in preparation). 
3d and 4th vols.-Angular and isometric projection, perspective, shades and shadows 

(in preparation). . . . . 
As draughtsman, I have endeavored to arrange this work so as to bring into immediate 

application all the tools which are required in every drafting-room, and time and ~xpense have not 
been'spared to 'impress the student with the cardinal virtues of a successful draughtsman: accuracy 
and cleanliness. 

For some of the original constructions I am indebted to my friend, Dr. Henry Eggers, and 
the ~ngraving of the plates lowe to the skill of Mr. Albert E. Gage. 

The author will feel well rewarded for his trouble if men of ability and learning will think it 
'worth their while to point out to him any deficiencies that ~hey may notice in perusing this work. 

HERMANN HANSTEIN. 
Chicago, Ill., September. 1894. 
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PLATE A. 

NECESSARY TOOLS, IMPLEMENTS AND THEIR APPLICATION. 


FIG. 1,PLATE A.-A draw'ing-board, made of well-seasoned white 
pi:ne, poplar (whitewood) or basswood, the lightest of our 
woods, answers this purpose best, as these woods are evenly 
grained and do not offer great obstruction to thumb-tacks, by 
which the drawing-paper is fastened to the board. 

The under surface of this board should be provided with two 
parallel dovetailed grooyes, 3 or 4 inches from edges 0 and 0' 
and rightangled to the grain of the wood, to receive not too 

. tightly fitting cleats, at which the board may shrink, to prevent its 
splitting. , The cleats therefore should not be glued in the grooves. 
to receive them. 

When one draws with the right hand, the straight edge, called 
T square (T), and triangle S, called set square, are operated with 
the left hand, and when one draws with the left hand the set and 
T square are operated with the right hand. 

The T is 'ttsed only on one side of the board. 
FIGS. 1 and 2, PLATE C.--Set squares (Triangles).--One set square 

of 300 and 600 and one of 450 (degrees) are required, as shown in 
Plate C. and these should be tested in accuracy before admitted 
to practical use. 

Test.--Place the set square with one right-angle side to the 
T, as shown in ]'ig. 1, and draw with a hard (4H) wel~-pointed 
lead pencil a line on side a b. Reverse the\ set square on a b as 
an axis, and if the line drawn and the side of the set square 
coincide (fall into one) the angle is a right a,ngle, while a con­
vergence will show the angle to be incorrect, and such a set 
square should not be used until it is made true. A similar test 
should also be made with the T square be'fore using it. 

FIGS. 3 and 4, PLATE C.--Figs. 3 and 4 show the di~erent angles 
possible to be drawn with the assistance of both set squares and 
the T. 

FIG. 2. PLATE A.-The protractor is a semi-circular instrument 
made of brass or transparent horn. Point C repr~sents the center 
of the semi-circle, which is divided by radii into 180 equal parts. 
In measuring an angle, place the instrument with its center 
at the vertex (the intersection of the sides of the angle), and one 
side to coincide with the diameter of the instrument. Note the 
number of divisions on the intervening arc, which is 137 (read 
]370 (degrees); ]0 = 60 m. (minutes) and 1 m. = 60 sec. (seconds). 

THE SET OF DRAWING INSTRUMENTS. 

FIGS. 4 to 7, PLATE A.-The very best 1:S none too good. A set 
'should contain one pair of compa~ses, Fig. 4, with needle-point 
center, Fig. 4 D, a lead pencil attachment, Fig. 4 B, a ruling-pen 

for circles, Fig. 4 C, one pair of dividers, Fig. 5, and oneortwo 
straight ruling-pens, Fig. 6', of different sizes. For boilermakers, 
machinists, architectural iron constructors, etc., a set of bow 

,instruments is a valuable addition to the above. The instru­
ments are represented in actual size, and 'the most reliable are 
the sets made by Mr. Alteneder or Mr. Riefler. 

. FIGS. 7 and7A, PLATE ~The lead (6 H) for the compasses is bought 
in sticks of 5 in. in length and 1/16 in. thick. Break of it a length 
t in. longer than the d~pth of the hole in the attachment to 
receive it. Sharpen in the shape of a screwdriver on a piece of 
emery paper or a fine file, as seen in Fig. 7; and also grind away 
the corners in the direction of the lines GK and H 1. Fig. 7A. 
Insert it with a flat side towards the center of the compasses and 
clamp 'it tight with the clampscrew S, Fig. 4 B. 

The main joint near the handle ought to move with ease, and 
one hand should be sufficient to open or close dividers or com­
passes easily. . 

The straight pen and the pen for circular ruling must be 
treated most carefully. Their blades are of the same length not 
so pointed and sharpastocut the paper, and when filled with ink 
they should be entirely clean of ink on the outside. 

In inking circles, the legs of the compasses, should be bent at 
the joints P and 0 (Fig. 4) sufficiently to have both blades touch 
pappr equally and allow an even flow of the ink. The leg which 
carries the ?enter of t~e cQmpasses sho~,lld have a vertical position 
also, to a.vOld a tapermg of the hole lU the paper by its revolu­
tion. ' ,. 

The correct position of the compasses is represented in Fig. 4, 
where the .line M N represe~ts the surface of the dra,wing-paper. 

In the high-schools of ChIcago, we use as a standard size paper 
" Royal," which is 20 x 24 in. the drawing-board IS 20l x 24l in 
having a projection of t in. when the paper is placed in th~ 
middle of it. Fasten with thumb-tacks and draw at a uniform 
distance from the edge of the paper a rectangle with T and set 
square of 20 x 15 in. and subdivide, to correspond with the num­
ber of problems to be drawn on the plate. Draw the lines light 
and carefully with Dixon's V H (very hard), Faber 4 H (Siberian) 
or a Hartmuth 6 H (compressed lead) pencil, having a fine round 
point. 

Inki1~g t~w draw1:?g.--All constructions are executed in pencil, 
to admIt of correctIOns, when necessary, before we ink them.' It is 
also advisable for the inexperienced to 1J)r1~te the required text on 
the drawing in pencil, to distribute letters and, words regularly 
in the available space beneath each drawing, as shown in Fig. 1 
Plate 1, before writing with Indian ink. ' , 
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PLAT:mS BAND C. 

PLATES Band C.--Alphabets.-Several alphabets, with indications 

at which drawings they are used, are shown at Plates Band C. 
The alphabet easiest and quickest to write (with a stub pen) is 

the round writing. 

PLATE C.--In Fig. 5, ABC D E F G and H show a few samples of 

corners in border lines for elaborate work. 

The following distinctions of inked lines in drawing are made 

to recognize readily all that pertains to problem, construction and 

result. 

THE PROBLEM LINE is dra,wnfine (l,nd uninterrupted. 


THE CONSTRUCTION LINE is fine and dashed. 


THE RESULT, a strong, ullinte1'rupted Nne. 


Begin inking with construction arcs and circles, then the cir­

cular problem lines, and then the circular result lines. 

This is done so as to save time, to avoid the change of tool in 
hand, and not to clean and re-set the pen oftener than necessary. 

Construction stru'ight lin,es are drawn next very fine and_dashed, 
corresponding to, construction arcs and circles, and last the 

Resu.zt straight line, to correspond to result arcs and circles. 

The inking of a drawing is a recapitulation of each construc­
tion, and tb,is important work should be executed with great care. 

A postulate is a statement that something can be done, and is so 
evidently true as to require no reasoning to show that it can be 

done. 

An (J,xiom is a truth gained by experience, and requiring no 

logical demon~tration. 

A theorem is a truth requiring demonstration. 

LINES AND· ANGLES. 

A right line is the shortest distance between two points. 

When in the following the term line alone is used, it indicates 

a -right line. A vertical line is the "plumb-line"; a horizontal line, 

one making a right angl~~ the vertical and a line of any other 

direction, is called oblique. 

A curv€d line or curve changes its direction in every point of it. 

Parallel lines in a plane are lines which never intersect one 

another, however far they are produced. 

Two lines which have a difference of direction are said to form 

an angle. The point of intersection of these two lines, called 

SIDES, is the vertex of the angle. 

When two lines intersect each other, so thatall four angles formed 

are equal~ we say they are right angles. The common vertex of 

these four right angles may be assumed to be the center of a circle, 

which by diameters is divided into 360 equal parts, called' 

degrees (0). Each angle contains 1/ !l of· 3600 = 900, which is the 

right angle. An angle greater than 900 is 'an obtuse angle; an 

angle smaller than 900 is an acute angle, and two right angles are 

a straight angle .. 

Generally we designate an angle by three letters, for instance, 

b a c or c a bi then the middle letter (a) indicates the vertex, 

while the sides are b a and c a. 
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PLATE O-OONTINUED. 

PLANES AND SURFAOES. 

PLATE C.-A plane has two dimensions-length and breath. 

A surface is the boundary of a body. 

Surfaces bounded by right lines are called polygons. Regular 

polygons have equal sides and equal a,ngles; they are eqm:later'al and 

equiangular. 

POLYGONS ARE: 

The triangle, which has 3 sides, 

" tetragon or quadrilateral, " 4" 

" pentagon, " 5 " 
" hexagon, " 6 " 
, , heptagon, " 7 " 
" octagon, 8 "" 
" enneagon or nonagon, " 9 " 
" decagon, " 10 
" undecagon, " 11 " 
" dodecagon, " 12 " etc. 

The triangles are: The equilateral triangle which is also equi­

angular; the isosceles triangle, having two sides equal, and the 

scalene triangle, whose sides are unequal. 

An obtuse and a right-angled triangle have one obtuse and one 

right angle respectively. An acute angled triangle has three 

acute angles. The side or "leg" opposite the right angle in a 

right-angled triangle is called the hypotenuse, the sides or legs 

forming the right angle are the catheti. 

The sum of the squares constructed on the catheti is equivalent to . 

the square erected on the hypotenuse. 

The sum of all angles in a triangle is equal to two right angles. 

A perpendicular drawn from a vertex of a triangle to the 

opposite or produced opposite side is called its altitude or height. 

Q,UADRILATERALS. 

. 	 The square has equal sides and 4 right angles. 

The rectangle has opposite sides equal and 4 right angles. 

The rhombus has equal sides and equal opposite angles. 

The trapezoid has only two parallel sides. 

.The trapezium i~ntirely irregular quadrilateral. 

Quadrilaterals' whic~ have the opposite sides parallel are 

parallelograms. 

CIRCLE. 

PLATE 8.-Dejinition.--A circle is a curve the points of which are 

equally distant from a fixed point, called the center. 

The distance from the center to any point of the circle is called 

the radius. 'rhc connecting line of any two points of the circle 

is called a chotd. If the chord is produced to any point outside 

the circle, it is called a secant. The chord through the center is 

called the d1:ameter. If the circle is considered as a length, it is 

called a circumference. Any arbitrary part of the circumference 

is called an arc. The arc that forms the fourth part of the 

circumference is called a quadrant; the sixth part a sextant; the 

eight part an octant; while half the circumference is called a 

semi-circle. The area comprised by two radii and the interveninO' 
o 

arc is called sector; the area cOlr.prised by a chord and the corre­
sponding arc is called a segrnent of a circle. 

In Fig. 1, CD, C Band C A are radii, G H is a chord. ElF is 

a secant, A B is a diameter, G J H an arc, area DeBL D is a 

sector, area H G J H a segment, tract A J DBa semi-circle. 

Postulate.--Draw a circle, if the center and the radius are 
given. 
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PLATE 1. 

CONSTRUCTIONS. 

LINES. 

I.-FIG. I.-Problem.-At a given point in a given lhu to precta 
pprpendicular, or to bisect a straight angle. 

Solution. - Let M N be the given line and A the given foot­
point of a perpendicular. From A as a center and with any 
radius describe the circle B, 0; Band 0 are equidistant from A 
and are the centers of arcs with equal radius greater than B A, 
which intersect at point D. Draw the line D A, which is perpen­
dicular to the line M N, in point A. 

2.-FIG. 2.-Problem.-To draw fro11t a given point a perpendicular 
to ac g£ven Une. 

Solut1:on.-With the given point A as a center describe a circle 
intersecting the given line M N in two points, Band O. From B 
and C as centers and with equal radii draw arcs intersecting at D. 
Oonnect points A and D by the line A D, which is perpendicular 
toMN. 

3.-FIGs. 3, 4,5 and 6.-Problem.-·To erect a perpend'icular at the 
end of a given line, M A. 

Solution.-Take any point 0 outside of M A as a center, and 
with a radius C A describe a circle intersecting M A at D. Draw 
the diameter DO B. Oonnect points B and A by the line B A, 
which is the perpendicular to M A. 

4.-FIG. 4.-Solution.-From A as a center and anv radius describe 
the cirCle B N, at which make B 0 --:- A B and pass through points 
Band 0 the Ene B 0 indefinite; make then 0 D= 0 B and connect 
A and D by the line A D, which is the required perpendicular. 

5.-FIG. 5.-Solut'ion.-Describe from A asacenter and any radius 
the circle B 0 E. Make E C = C B = B A, and from E and 0 as 
centers and with equal radii draw intersecting arcs at D. Oonnect 
D with A with a line, and D A is the required perpendicular. 

6.-FIG. 6.-Solution.-From A toward M lay down a division of 5 
equal units. With A as a center and 3 units as a radius draw the 
arc 3 B indefinite, and with 4 as center and 5 units as radius cut 
the arc at B. Oonnect B with A, and line B A is the required 
perpendicular. 

7.-FIG. 7.-Problem.-To drop a perpelUh:cular to 01' near to the end 
of a given line. 

Solution.-When M N is the given line, take in M N an arbitrary 
point A as a eenter and a radius longer than AN; describe arc 
OED. From an other point, B, near N, with any radius, draw 
arcs intersecting circle (A) at C and D. By connecting points C 
and D by a line we have the required perpendicular. 

DIVISION OF LINES. 

S.-FIG. S.-Problem.-To bisect a, line. 
Solution.-When AB is the given line, make A the center, and 

with a radius greater than ~ A B draw the arc DOE. With the 
same radius and center B draw an arc to intersect the arc DeE in 
points D and E, which are connected by the line DE. The line 
DE will not alone cut the line A B into two equal parts, but will 
also be a perpendicular to A B. 

9.-FIGs. 9, 10, 11 and I2.-Problem.-To cut a given line 1:nto any 
number of equal or proportional pM·tS. 

10.-FIG. 9.-Problem.-A line A B shall be divided into 7 equal parts. 
Solution.-Draw the line B N at about 35° and lay thereon. 

starting from B, seven times a unit and connect points 7 and 
A by line 7 A. Parallel with line 7 A draw lines from each divi­
sion point, 6, 5,4, etc., which will divide line A B into the 
required number of 7 equal parts. A C is ~ of A B. 

Remark-Parallel lines are drawn with the set and T square 
combined. Adjust the longeRt side of the set square to coincide 
with the line with which we intend to draw parallels, and place 
the T to one of the right-angle sides of the set squar~. Keep T 
firmly in this position and slide along its edge the set square 
in the required direction and draw the parallels. 

n.-FIG. 10.-Problem.-To cut a given line into two proportional 
parts, as S : 3. 

Solution.-Draw the line B N, and from B lay down a divi­
sion of S + 3 eq ua I parts. Connect poin ts A and 11 by the line 
A 11 and draw parallel with it 3 O. C B is ir and 0 A lr of A B. 

I2.-FIG. Il.-Problem.-To cut a g'l:ven l'ine 1:nto three proportional 
pa1'ts, as 7 : 3! : Ii·, 

Solnt1:on.-Draw the line B N, and from B lay down a division of 
7 +3! +It equal parts. Connect point I2t with A and draw 
parallel with I2t A the lines IO! 0 and 7 D. A 0 is then H, 
oD 3~, and DB 7 parts of I2~, which is the line A B. 

I3.-FIG. I2.-Problem.-To cnt n given h:ne into anN number ofequal 
parts by a scale. 

Sol1.ttion.-Draw a rectangle AO 14N, and divide AN by hori­
zontals into any number of equal parts, and number them 0, 
1, 2, 3,4, 5, etc. When, f. i., the line A B is to be divided into 9 
equal parts, take the line to be divided as a radius and A as center; 
describe an arc to intersect line 9 at point B 9, which con­
nect with A by line B9 A. By the horizontals the line B 9 A 
is divided into 9 equal parts. In the same figure the problem is 
solved to divide the line A B into IH equal parts. 
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PLATE 2. 

SOLUTIoN OF ANGLES. 
14.-FIG. 1 -Problem.-To construct an angle equal to a, given one. 

Solut'ion.-Angle CAB is the given angle. When the vertex 
o and one side 0 N of the angle to be constrlicted are given, 
describe with 0 as a center and A C as a radius the arc ED, and 
from D as a center with the radius Be the arc at E; draw the 
line EO. Angle 0 A B = angle EO D. ' 

l5.-FIG. 2. -Problem.-To bisect an angle. 
Solut'ion.-Let B A 0 be the given angle. With A as a center 

and a radius A B draw the arc B O. Band 0 are the centers for 
arcs with equal radii, intersecting at D ; draw lineD A, which 
divides B A 0 into two equal parts. 

16.-FIG. 3.-Problem.-To trisect a right angle. 
Solution.-From vertex A, with the radius A B, draw the arc 

B O. With B as center and the same radius draw the arc A E, 
and from 0 the arc AD; draw lines D A and EA. Angle 
B AD=D AE=EAO. 

17.-FIG. 4.-Problem.~To trisect any angle. 
Solution by DR. HENRY EGGERS.-Let 0 A B be the angle to be 

trisected. Describe with A as center a circle BOD, which 
intersects the prolonged side B A of the angle at D; draw from 
o an arbitrary line 0 EM and make E F = E A, and draw F G 0; 
then make G H = G A and draw HI O. An additional operation 
will not be necessary, as the lines will fall so close together as 
to almost coincide, and it is angle 0 H B = lOA B. This con­
struction is convenient for angles up to 90°; and in case of the 
trisection of an obtuse angle we bisect first and then trisect, 
so that the double third of the bisected angle is equal to the 
third of the giyen obtuse angle. 

SOLUTION OF TRIANGLES. 

IS.-FIG. 5.-Problem.-To construct a tJ'iangle when the three sides 
are g1:ven. 

Solution.-Lines 1, 2 and 3 are the sides given. Lay down 
line B 0 = line 1. From 0 as center, with line 2 as a radius, 
draw an arc, and with line 3 as radius and center B another arc, 
intersecting the first arc at D. Draw lines DO and DB; then 
DO B is the required triangle. 

19.-FIG. 6.~Problem.-To construct (~ triangle ofwhich two sides and 
the 'included angle are given. 

Solution.-Oonstruct angle D, and from its vertex cut off thp, 
sides 1 and 2, that is 0 Band 0 E, and draw line E B; then E B 0 
is the required triangle. 

20,-FIG. 7,-Problem.-To construct a triangle of wMch one side (1) 
and the two adjacent angles D and E are given. 

Solntion.-Lay off 0 B equal to line 1; transfer the angles D 
and ~~ on line 0 B, and prolong the Rides 1.0 intersect at F; then 
triangle 0 F B is the required triangle. 

21.-FIG. 8.-Problem.-To construct a triangle of which one side (1») 
one adJacent angle D and one oPPos'ite angle E are given. 

Soluf'ion.~Oonstruct 0 B equal line (1) and angle D at 0 as 
before; at an arbitrary point,E on line 0 M draw angle 0 M N = E, 
and parallel with M N the lin'e B F. F is the third vertex of the 
required triangle 0 E B. 

PROPO'RTIONAL LINES. 

22.-FIG. 9.-Problem.-To construct to three given lil/P.') a fourth 
proportiona,l. 

Solution.-Lay down an angle MAN of about 40°, and from A 
cut the segments Al = line 1, A 2 = line 2, A 3 = line 3· draw 
line 21, and with it parallel the line 3 x. A x is the requir~d line. 
1:2 =3: Ax. . 

23.-FIG. IO.-Problem.-To construct to two given lines a third 
.pmportional. 

Solution.-Lay down the angle as before and from A cut the 
segments Al = line 1, A 2 = line 2, A 21= line 2. Draw line 21 
and parallel with it 21X. Ax is the required line. 1:2=2 :Ax: 

24.-FIG. ll.-Problem.- To construct a mean pr'oportional to two 
given lines. 

Sol1ttion.-A B +BOis the sum of the given lines 1 +2. Find 
the center of A 0, point D, and a radius D A . draw the semi­

I' circle A X O. Erect in B a perpendicular B 'X which is the 
required line. AB:BX=BX:BC. ' 

35.-FIG. 12.-Problem.-To constr'uct to a given line major and 
minor extreme proportionals. 

Solution.-At point B of the given line A B erect a perpendic­
ular B D . ~ A B, and draw line AD F indefinite' with D as 
center, DB as radius, describe circle E B F and from A as 
center, A E as a radius, uraw arc EX. The'line A F : A B = 
AB:AX. 
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PLATE 3. 

POLYGONS. 

26.--FIG. l.~Problem.-· To construct a regular triangle on a given base. 
Solution.-A B is the given base. With A and B as centers and A B 

as radius draw arcs intersecting at C. Draw the lines C A and C B. 
A C B is the required regular triangle. 

~7.-FIG. l.-Problem.- To comtruct a regular bexagon on a given base. 
Solution.-Let A B be the given base. Construct on this a regular (or 

equilateral) triangle. The vertex C is the center, andC A = C B the 
radius of a circle, in which a regular hexagon A B D E F G, with A B as 
side, can be inscribed. 

Corol/ary.-A regular hexagon may be divided into six equZll equi­
lateral triangles, the common vertices of which lie in the center of it. 

28.-FIG. 2.-Problem.-- To construct a regular beptagon at a given base. 
Solution.-·Draw with the given base A B the equilateral triangle 

A 6 B, as in the previous construction. From center D of A B draw the 
line D 612 perpendicular to A B. Divide 6 A into six equal parts. These 
parts transfer on line 6-12 and number them, 7,8,9,10,11 and 12. 
Point 7 is the center, and 7 A the radius of a circle, in which the regular 
heptagon ABC D E F G, with A B as side, can be inscribed. 

29.-FIG. 2.-Problem.-70 construct a regular po{pgon witb more tban 6 sides. 
Solution.-With points 7,8,9, 10, 11 and 12 as centers, and 7 A, 8 A, 

9 A, 10 A, 11 A and 12 A, respectively as radii, draw circles in which the 
line A B as repeated chord will form the regular heptagon, octagon, 
enneagon, decagon, undecagon and dodecagon. 
'~emark.-Regular polygons with greater number of sides are rarely 

used in practice, and are therefore omitted here. 
80.-FIG. 3.-Problem.- 70 cOllstruct a squa1'e at a given base. . 

Solutt"on.-Let A B be the given base. Draw at A and B perpendIcu­
lars with set and T square,and make 1\ C = A B, and with T square draw 
CD. A C D B is the required square. 

31.-FIG. ~.-Problem.- 70 construct a regular octagon at a gi'ven base. 
Solution.-In the bisecting point H of the given base A B erect ~ per­

pendicular, H F, at which make H E= A Hand E F =~A. ~ IS the 
center and F 1\ the radius of a circle, in which draw A B eIght times, as 
repeated chord, to complete the required octagon A B G H I JK L. 

32.-FIG. 4.-Problem.-70 construct a regular pentagon at a givell base. 
Solulion.-Let A B be the given base; produce it towards N. Erect at 

B a perpendicular, B D = A B. Bisect A B by point C; with C as center 
and CD as radius draw arc DE. With A and B as centers and AE as 
radius draw arcs to intersect at F. With F and A as centers draw arcs 
intersecting at G; and from F and B as ce~ters, with the same radJus 
A B, draw arcs intersecting at H. Connectmg B H, H F, F G and G A 
by lines we complete the required pentagon A B H F G. 

33.-FIG. 4.-Problem.- To construct a ref!,ular decagon at a given base .. 
. So/ulion.-Let A B be the given base. Follow the .co.nstrucllOn of the 

pentagon until the position of point F is found; thIS IS the cen.ter, and 
F A the radius of the circle, in which as repeated chord the lIne A B 
will complete the required regular decagon A B I J K L M N °P. 

34.-FIG. 5.-Problem.-To construct triangles equivalent t~ a given one. . 
Solution.-Let A C B be the given tria.ngle; dr~w lme N M par~llel with 

A B through point C. Locate an arbItrary pomt E or ~ at lme M)N, 
and draw lines E A and E B, and G A and G B. Tnangle A E B= 
A C B = A G B. If one side of the triangle is called the base, a perpen­

dicular drawn from the opposite vertex to the base, or produced base, 
is the altItude or height of the triangle, as E F, CD and G H. 

TbPOrem.-Triangles of equal base and altitude are equivalent. 
3;5.-FIG. 6.-Problem.- To construct parallelograms equh'alent to a gt"ven one. 

Solution.-Let A B Debe the given parallelogram, with base A B. 
Draw the line M N parallel with A B, make E F and G H = CD, and 
draw lines E A, F B, G A and H B. The parallelogram E F B A = 
C DBA=GHBA. 

In a polygon any right line which passes through two non-consecutive 
vertices of its circum ferential angles is called a diagonal. 

Tbeorem.-Either diagonal divides the parallelogram into two equal 
triangles. 

BG.-FIG. 7.-Problem.--To construct a rectangle equivalent to a given t1'iangle. 
Solution.-A B C may be the given triangle, and C F its altitude. 

Bisect C F rightangularly by line DE, and erect the perpendiculars BE 
and A D. AD E B is the required rectangle. 

37.-FJG. 8.-Problem.-To construct a rectangle equi~'alent to a given trapefot"d. 
. Solution.-·Let ABC D be the given trapezoid. Bisect rightangulady its 

altitude L M by the line I K, which bisects also the sides B A and CD 
in I and K. Perpendicular to I K, through I and K, draw F G and E H. 
FE H G is the required rectangle, equivalent to the trapezoid ABC D. 

38.-FIG. 9.-Problem.- Tbe side of a square is given: to construc(' tbe sides 
of squares tbat are twice, tbree times,four times, etc., as great as tbe square o~'er 
tbe given line. . 

Solulion.-Construct a right angle B A 1; make B A and A 1 equal to 
the given side of the square; then layoff successi vely A 2 = B 1, A 3 = 
B 2, A4 = B 3, etc. A 2, A 3, A 4, etc., are the sides of squares that are 
respectively twice, three times, four times, etc., the area of the square 
over A 1. 

39.-FIG. 10.-Problem.-To construct a triangle equivalent to a given irregular 
pentagon. 

Solution.-Let ABC DEbe the irregular pentagon. By the diagonals 
A C and C E divide it into three triangles ABC, CAE and CD E. 
Produce the base A E to the left and right indefinitely beyond A and E, 
and parallel to C A draw the line B F; connect C with F; then draw D G 
parallel with C E and connect C with G. The sum of the triangles 
C FA + CAE + C EGis equal to the triangle C F G, which equals the 
irregular pentagon ABC DE. 

40 -FIG. 11.-Problem.-To construct a square equivalent to a ~iz'en triangle. 
Solutt"on.-Let C F G, Fig. 10, be the given triangle. Construct a mean 

proportional between half the base F G and altitude C H, as shown in 
Fig. 11, Plate II, by making IK=tFG, and KL=CH. The sum 
I K +. K L is t~e dia.meter of the semi-c::ircle. I N L. Er~ct at K a per­
pendIcular, WhICh IS ll1tersected by the CIrcle m N. N K IS the required 
side of the square, and NO P K is the square, which is equivalent to the 
irregular pentagon ABC DE. 

41.-FIG. 12.-Problem.-To trailsform an irregular beptagon into an equivalent 
triangle and square. 

So/ution.-Let ABC D E F G be the irregular heptagon. Draw line 
C A, and parallel to it B N; connect Nand C by line N C. Triangle 
C N A = C B A. Treat the triangle E F G in a similar way, and you 
have transformed the heptagon into the irregular pentagon N C D EM. 
Proceed as in Fig. ~O! and transform the pentagon into the triangle 
D HI; transform thIS Into the square P Q R 0, which then is equivalent 
to the given hepta.gon ABC D E F G. 
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PLATE 4. 

42.-FIGs. 1, 2, 3, 4, 5, 6.-Problem.-To transf01'm, a,n irregula1' 

octagnn into a regula1' pentagon. 

Snhtt'inn.-Let ABC D E F G H be the given octagon. Trans­

form the octagon into a square, 0 N K L, with side (s). Con­

struct any regular pentagon with side (xd, and transform this 

also into a square, Q M V P, with side (Sl)' Let the side of the 

required regular pentagon be (x), then we have the proportion: 

pentagon (side x) is to tbe pentagon (side xd as S2 is to Sl 2; or, 

as similar polygons are to each other as the square of their 

homologous sides, we gain the proportion­

x 2 : Xl 2 = S2 : Sl 2; or, 

x: Xl = S: S1' 

This proportion shows we have to find the fourth proportional 

(x) to the three lines Xl, S, Sl, as indicated above; see Fig. 5. 

Then line X will be the side of the req uired regular pentagon. 

TO TRANSFER POLYGONS. 

43.-FIGs. 7 and 8.-Problem.-To cn11sf1'uct (J polygon equal tn a 

given one by pamJlels. 

Solution.-The polygon Fig. 7 is given. Draw A' B' parallel 

with A B; make A' B' = A B. From B' draw B' C' parallel 

with B C; operate in the same manner on all sides of the poly­

gon, till the last siele of the polygon terminates in point A'. 

Fig. 8 is equal to the polygon in Fig. 7. 

-l4.-Fws. 9 and 10.-Problem.- To construct a polygon equal to (( 

given on(' by t1·1:angles .. 

Solut'ion.-Polygo~ Fig. 9 is given and divided into triangles, 

A C B, etc., etc. Draw line A' B' parallel and equal to A B. 

On A' B' construct the triangle A' B' C' equal to triangle 

ABC. The remaining triangles of Fig. 9 layoff in the same order 

and position as Fig. 10 shows, starting from side Bl C 1 ; then 

polygon (Fig. 10) is the required one. 

45.-FIGs. 11 and 12.-Problem.-1'o constmct a pnlygon equal to 

a given nne by intp'r1'or n((H£. 

Solut1:on.-Polygon Fig. 11 is given. Draw from a point 0 

radii to ABC, etc. Locate point 0 ' for Fig. 12 and draw 

parallel and equal the radii 0' A' = 0 A, 0 ' B' = 0 B, 0' 0' = 

o C, etc. Connect points A' B', B' C', etc., which will be the 

required equal polygon. 

46.-FIGs. 13 and 14.-Problem.-To construct fl polygon equal to 

a given one b;lj sect01·S. 

Solut1·on.-Polygon 13 is given. From center 0 with any radius 

describe circle C B D, etc., and draw from center 0 a radius to 

each vertex of the polygon to intersect with the circle. Locate 

center 0 ', Fig. 14, and with radius 0' D' equal 0 D describe the 

circle D' B' C', etc., and draw 0 ' D' parallel 0 D; make arcs 

D' B' = D B, B' C' = B C, etc., and pass lines through points 

D', A', 0', etc.; further make 0 ' E' = 0 E, A' = 0 A0 ' . , 
0' F' = 0 F, etc., and by connecting points E' A' F' t 

n , e c., com­
plete the required polygon. 
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PLATE 5. 

TO TRANSFER POLYGONS. 

47.-FIGs.l and 2.-Problem.-To construct by co-()rdi'nates a polygon 

equal to a given one. 

Remark.-In the plane of drawing a convenient line is drawn 

(horizontal), called the aim:s of abscissae; the position of the 

different vertices of the given figure is determined by perpen­

diculars, called o,t'dinates, from these vertices to the axis of 

abscissae. Take any convenient point, A, on this axis and draw 

a perpendicular to it, M N. This line is called the axis of ordi­

nates , and reckoned from this point A (called the origin) the 

segments determined by the foot-points of the ordinates are 

called absdssae. The common appellation of both systems of 

lines (the abscissae and ordinates) is co-ord£nates. 

Solut£on.-Fig. 1 is the given polygon. Through any vertex 

(origin) draw a horizontal, A R, and perpendicular to it the ordi­

nates from each vertex or principal point for transmission. 

Draw A R', Fig. 2, and layoff A B, A 0, A D, etc., = A B, AO, AD, 
etc., of Fig. 1. Erect the perpendiculars A A', B B', 00' 0" 0''', 

etc., and make AA', BB', 00',00", 00'", etc., equal to the 

corresponding perpendiculars in Fig. 1. Oonnect A and A', 

A' and B', describe with radius 0' 0, center 0', arc B' Oil, etc., 

and complete the req uired polygon, Fig. 2. 

48.-FIGs. 3 and 4.-Problem.-To construct a polygon equal to a 

given one by horizontals. 

Solntion.-Let Fig. 3 be the polygon. Draw the horizontals 

AA', BB', 00', etc., and make BB', 00', HH', etc., = AA'. 

Oonnect 0' and A', A' and B', B' and H', etc., and complete the 

required polygon, Fig. 4. 

49.-FIGs. 5 and 6.-Problem.- To construct a polygon equal to a 

given one, rad'iat1:ng 1:11, a circle. 

Solution.-Let A E D G, etc., be the given polygon. Describe 

with A D, A E, etc., as radii and A as center the circles 0 D, 

E F G, etc., and make F' E' = FE, FI G' = F G, etc. Oonnect 

DI and E', D' and G', etc., and complete the required polygon. 

Fig. 6 shows the construction applied to other polygons. 

Remark.-This construction is used conveniently to draw a 

rosette in which an ornamental unit _~ccupies a sector division of 
a circle. 

50.-FIGs. 7 and 8.-Problem.-To construct symmetric polygons 01' 

outl£nes. 

Solution.-Let L M, etc., be the given outline as a profile of the 

base of a column. Draw the horizontals L LI, M:\1I, etc., and 

the axis of symmetry R N. Make ALI.= A L, B M' = B M, 

PO' = DO, etc. Oonnect L' and MI, etc., and complete the 
required symmetric profile of the base of the column. 

51. -FIGs. 9 and 10.-Problem.-To construct a pol:lJgon equal to a 

given one by mdi'l: drawn through a given poillt. 

Solution.-Let ABC, etc., Fig. 9, be the given polygon. Locate 
point 0 and pass through it the radii AOAI, BOB', 000', 

etc.; make OA'=OA, OB'=OB, 00' =00, etc., connect 
A'andB', BlandO', etc., and complete the required polygon, 
Fig. 10. 

52.-FIGs. 11 and 12.-Problem.-To construct a1l -Il'rl'gu/ar outh'ne 
equa1 to a given one. 

Solu,tion.-Let B A C be the given outline., Oonstruct in Fig. 12 
. the same number of equal squares arranged as in Fig. 11, and 

transfer the points of intersections of the irregular outline with 

the sides of the squares; make M' AI = M A of Fig. 11, and 

MI B' = M B, etc. Oonnect B' AI 0' by a free-hand line and 
complete the required irregular outline, Fig. 12. 
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PLATE 6. 

TO REDUCE OR ENLARGE POLYGONS IN OUTLINE OR AREA. 

53.-FIGs. 1,2 and 3.-Problem.-To construct a polygon sim.ilar to 
a given one of 4-./ 7 its c1:rcumference. 

Solution.-Let DAB 0, etc., Fig. 1, be the given polygon, 
Construct the scale Fig. 2. A perpendicular 07, longer than the 
longest side of the gi ven polygon, is divided into 7 equal parts; 
draw a horizontal line 0 N of an arbitrary length and conneet 
points 7 and 4 with N by the lines 7 Nand 4 N. 04 is 4-./ 7and 
4,7 is 3/7of the line 07, and all lines between ON and 7N and 
parallel to 07 are di vided by 4 Nand 7 N in the same proportion. 
To obtain the length of A' E', Fig. 3, place line A B in the scale 
as indicated by line A B' B, of which A B' is 4/7 of line A B. 
Transfer the remaining sides of the polygon by parallels and find 
of each the proportionate length in the scale Fig. 2, as shown 
with line AB; D' A'B'C ', etc., is the required polygon. 

54.-FIGs. 1, 4 and 5.-Problem.-To construct a polygon similar to 
a given one, ha,ving 4-./7 its area. 

Sol-ution.-Let DAB C, etc., Fig. 1, be the given polygon. On 
a horizontal line 04 lay down a division of 7 + 4 equal parts and 
make 04 the diameter of a semi-circle 0 M 4. Erect at point 7 
the perpendicular 7 M and draw lines M 0 and M 4. Then make 
lineMB'equal toABofthegivenpolygonanddrawB' B"; A"B" 
(J!'ig. 5) = M B" in the scale Fig. 4. In relation to the side A B 
of the given polygon, A" B" is the side of a polygon, whose 
area is 4,1.7 of the given one. Treat the remaining sides of the 
polygon similar to the side A B and complete the required polygon 
D"A"B"C", etc. 

55.-FIGs. 6, 7 and 8.-Problem.-To construct a polygon similm' 
to a given one, Clnd of 3/2its circumference. (1'ransfer by triangles.) 

Solut1:on.-Let A B D C, etc., be the given polygon. Construct 
the linear scale in proportion 2: 3 Fig. 7 similarly to Fig. 2 
and divide the given polygon by diagonals into triangles. Line 
A B' in the scale (Fig. 7) = A' B' of the polygon Fig. 8, whose 
circumference contains 3 units to 2 of the given polygon. Trans­
fer and complete by triangles the required polygon A' B' D' C', 
etc., Fig, 8. 

56.-FIGs. 6, 9 and 10.-Problem.-To construct a polygon similar 
to a, given one, wMch conta'l'ns 3 to each 2 sqUa'f'e units of the given 
pulygon. 

Solution.-In the scale Fig. 9 the diameter of the semi-circle 
consists of 2 + 3 equal parts; erect 2 M. Draw:M 0 and M 3. 
Make M B' Fig. 9 = A B of the given polygon and draw B'B", 
M B" = A" B" of the polygon, Fig. 10, whose area has 3 square 
units to 2 of the given polygon. 

Transfer and complete by triangles the required polygon 
A" B" D" C", etc., Fig. 10. 

57.-FIG. 11.-Problem.-To construct simila1' polygons which have 3/5 
the circumference and 3/5the area of a g1:ven one. 

Solution for circ'llmjennce reduction. --Let DC B A E, etc., be the 
given polygon. From any point 0 therein draw radii to the 
vertices DC B A E, etc., and divide anyone radius (0 D) into 5 
equal parts. Parallel with DC from point 3 draw D' CJ, with 0 B, 
0 ' B', etc., and D' OJ B' A E, etc., is the required polygon. 

Solut1'on f01' area reduction.-Make radius 0 D the diameter of 
the semi-cirle 0 N D and erect at division point 3 the perpendic­
ular 3 N and draw NO. Make 0 D" = 0 N and proceed as before 
in drawing D" C" parallel with DO, C" B" with 0 B, etc. D" Oil 
B" A" E", etc' r is the required polygon. . 

58.--Fras. 12, 13 and 14.--Problem.-To reduce any 'irregu7ar 01ttlinc 
in proportion 8:5. 

Solution.-Let G H I K be the given irregular outline. Oover 
the given outline by a net of equal squares, the sides of which we 
reduce by the scale, Fig 13,toA' BJ=5/ s of AB. Drawwith 
A' B' as unit the same number of squares as in Fig. 12. Transfer 
the points of intersection of the irregular outline with the 
sides of the squares, in reducing their distances from the 
vertices of the square~ by scale Fig. 13, and transfer into Fig. 
]4. Connect these POll1ts by a free-hand line, which is the re­
quired reduction of the irregular outline. 

Treat the surface reduction, Fig. 16, with the assistance of the 
scale Fig. 15 in a similar way, and we obtain the reduction in 
area. 
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PLATE 7. 

SCALES. 

59.--FIG. l.--Problem.--To construct a scale of decimal division. 

Remark.--Small subdivisions of a unit which we cannot accu­

rately perform with the dividers are constructed in Figs. 1 and 2. 

Solution.-Let line 0,10 = 10 centimeters A 0 = A B = 1 

cfmtim. The decimal subdivision (millimeter) is obtained in: 

dividing 0 N into 5 equal parts by the horizontals in points A, B, C 

and D. Bisect B N and draw lines 5 A and 50; line A 1 = 1/10. 

B 2 = 2110' C 3 = 311o, etc., of 0 A, or 1, 2, 3, etc., mm. the 

required division. 

60. --FIG. 2. --Problem.-- To divide a centimeter in to 100 eq'ltal pctrts . 

Solution.--Line 0,10 = 10 centim.; and 0 A = A B = B N = 1 

centimo divided into 10 equal parts (mm.). Draw line R 0, and 

parallel with it lines between B N and A 0 from each division 

point to the last 90, B; draw also in the same division, horizontals 

between A and B. The oblique line R 0 divides R N into 10 

equal parts, which is the required division. 

61.--FIG. 3.-Problem.--To construct a scale in wkich an inch is di­

vided into 64ths. 

Solution.--Let A 6 = 7 inches. Divide A 0 into 8 equal parts and 

draw R 0 and with it parallel lines from points 1, 2, 3, etc., and 

7 B; also pass horizontals through points 1, 2, 3, etc., from A B. 

Line R 0 divides line RN = t in. into 8 equal parts, hence 

into 64ths. Example: Take from this scale a line of 137/64, inch 

( 37/64, = 4,18 + 5/64,). From 0 to the left to dividing point 4 = 4,1 s 

in.; follow the oblique line upward to the 5th horizontal point, N. 

Line N A = -lIs in., AB = 5/M in. and B M = 1 inch and line NM 

= P7/ 6-l in.? as required. 

REDUCTION SCALES~ 

62.--FIGs. 4 and 5.--Problem.--To construct a decimal reduction scale 

and draw with co-ordinates a polygon whose equations are 'indicated at 

tables A and B, Fig. 5. 

Remarlc.-To draw the scale and polygon in convenient propor­

tion lei the unit 0 A = 2!- in., which shall represent 100 feet. 

Solution.-Let 0 A be the unit to represent 100 ft. in the 

decimal reduction scale and let A 300 = 4 such units. Divide 

o A, A Band B N into ] 0 equal parts, draw horizontals from 9, 

8, ~, etc., and the oblique parallels with R 0 from division points 

10, 20,30, etc., and we have the required decimal scale. Ex­

ample:· Take from this scale a line to represent 173 feet. Begin 

at point 0, pass to the left to 70, then upward the oblique line to 

the third horizontal point R, Line R A = 70 ft. A B = 3 ft. and 

B S = 100, and RA + AB +B S = 173 feet. 

The 	polygon, Fig. 5, is constructed with this scale. 

Remarlc.-If the scale, Fig. 3, is used as a reduction scale 

in which 0 A represents 1 ft., we shall have to divide 0 A into 

12 equal parts (inches), etc., and the scale will represent 1/12 of 

actual dimension. 
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PLATE 8. 

DIVISION OF CIRCLES. 

(j3.-FIG. 2.-Problem.-To inscribe a regular triangle, bexagon and dodecagon 
in a given circle. ' 

Solution.-Let A B F D be the given circle. Describe with point A as 
a center and radius A C the arc BCD and draw line B D, which is the 
side of the required regular inscribed triangle. 

Hexagol1.-Line B A = radius B C = the side of the required regular 
inscribed hexagon. 

Dodecagon.-Bisect the arc B A in point E; draw BE, which is the side 
of the required regular inscribed dodecagon. 

(j4.-FIG. 3.-Problem.- To inscribe in a given cit'cle, C, a square, a regular octagon 
and a regular polygon of 16 sides. 

Solution.-Construct two perpendicular diameters, A Band D G. Draw 
DB, which is the side of the inscribed square. 

Octagon.-Bisect the quadrant D A (in E) and draw DE, which is the 
side of the required regular inscribed octagon. 

The regular polygon of 16 sides.-Bisect the arc D E in F, and draw D F, 
which is the side of the required regular inscribed polygon of 16 sides. 

(j;'5.-FIG. 4.-Problem.- To inscribe a regular pentagon and decagon in a gi1:enct"1'c1e. 
So/utiott.--Draw two perpendicular diameters,A Band E I, in the given 

circle C. Bisect radius C B at point D, and with D E as radius, D as 
center, describe arc E F and draw line E G = E F, which is the side of 
the required regular inscribed pentagon. 

Decagon.-Bisect the arc E G in point H and draw E H, which is the 
side of the required regular inscribed decagon. 

66.-FIG. 5.-Problem.-To inscribe a regular beptagon and a regular polygOtl of 
14 sides in a gi'ven ct"rc1e. 

Solution.-Draw a radius, A C. With point A as center and A C as 
radius describe arc BCD and draw BED. H F = F D = DE = the 
side of the regular heptagon in the given circle. 

Bisect arc F H by point G and draw H G, which is the side of the 
regular polygon of 14 sides in the circle. 

RECTIFICATION OF ARCS. 

G7.-FIG. 6.-Problem.- To rectify a given arc. 
So/ulion.-Let A B, corresponding to angle A 0 B, be the given arc. 

Bisect angle A 0 B by 0 N and bisect also angle A 0 N by 0 N '. Erect 
B D perpendicular to 0 Bat B, D' D perpendicula~ to 0 ~ at D, ,0' G 
perpendicular to 0 N' at D', and draw arc D' H WIth radIUs 0 I? .<1:nd 
center O. Divide H G into three equal parts, and from the first dIVISIOn 
point J, near H, drop J L, a perpendicular to 0 B, tJ:1en J L = arc B CA. 
The approximation is very rapid as long as the gIven angle doe~ not 
exceed 600 ; but for greater angles, the half of them may be. rectIfied. 

From the rectified arc we can find the area of the correspond1l1g sector: 
construct a trilngle with the rectified arc J L as base and with the radius 
of the circle as the altitude; this triapgle has the same area as the sector 
in question.-To transform a circle into an equivalent square, .we may 
rectify the arc of 450 , construct a triangle that has for a base 8 tImes the 

length of this arc, and for altitude the radius. Transform this triangle 
into a square, then this square will be equal to the area of the circle.­
In order to find the length of the circumference of a circle we would 
rectify the arc of 450 and multiply this length by 8. 

6tl.-FIG. 7 .-Problem.-To construct a lint! equal to the seml'-cil'cumference of a 
given circle. 

So/ution.-In the given circle C draw two perpendicular diameters, A B 
and F G, and at G, perpendicular to F G, line E H indefinite. With A as 
center and A C as radius describe arc CD and draw line CD E. Make 
E3 = 3AC and draw F3 = G H, which is equal to the semi-circum­
ference of the circle C. Calculation gives­

F3 = 3.14153 times radius; 
error = 0.00006 of semi-circumference. 

Denoting the ratio of the circumference to the diameter of a circle by 
the letter 7r, then this ratio has been more accurately found to be 

7r = 3.1415926; 
for common usage it suffices to take for it­

7r = :27~ = 3.1428, with an error = 0.001. 
Among the many approximati~e methods to rectify a circle, the above 

method has the advantage that It can be performed with one opening 
of the compasses. 

TANGENTS. 

69.-FIG. 8.-Problem.-To construct a tangent at a given point oj a circle. 
Definition.-A tangent is a line touching the circumference of a circle 

in one point only, the point of contact, and is a perpendicular to a radius 
drawn to the point of contact. ' 

So/ution.-Let C be the given circle and A the point of contact. Draw 
the radius C A, and perpendicular to it, at point A, the line M N which is 
the required tangent. ' 

70 -FIG. 9.-Problem.-From a gi'ven point outside a circle to draw tangents to 
tbis circle. ' 

Sa/ulion.-Let C be t~le given circ~e and.A the outside point. Draw 
~ C, and at?- A C as a dI~meter descnbe a CIrcle, center B; this circle B 
mtersects CIrcle C at pomts 0 and P; then lines A 0 and A P are tan­
gents to circle B. 

71.-FIG. 10.-Problem.-To construct common exte1'ior tangents to two given circles. 
Sa/utian.-:-Let C a!1d A. be t~e given circles. Draw line C A and on 

C A as a ~~ameter descnbe a CIrcle, center B; with the difference C F 
of the r~dll D A and C E and ce!1ter C draw arc H F I, intersecting circle 
B at pomt~ H and I. D~aw radIUS C H 0, and with it parallel A 0' and 
C I P and Its parallel radIUS A pl. 0' 0 and P' P are the points of contact 
of the common tangents. 

72.-FIG. l1.-Problem.- To construct common interior tangents to two circles. 
Solution.-F?llow the previous cO.t?-struction and describe the circle 

C FAG. Wlth the sum .of th~ radn ?f both circles AD + C 1= C E 
draw arc FE G and the hnes C F and ItS parallel radius A P' and C G 
an9- its parallel A 0'. Th<: intersections 0 and 0', P and P' are the 
pomts of contact of the reqUIred tangents P pi and 00'. 
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PLATE 9. 

TANGENTIAL CIRCLES. 

73.-FIG. l.-Problem.-To construct c1'rcles, D and H, that tmwh a 
given line, M N, and a given circle in point A. 

Solution.-Draw line H CAB through center C and the given 
point of contact A; at A erect a perpendicul~r intersecting M ~ 
in point E. With E as center, E A as r~dIUs, draw the semI­
circle FAG and erect at F and G perpendICulars to M N, to ob­
tain on line H B the intersections Hand D, which are the centers, 
and H A and D A the radii respectively of the required tangential 
circles. 

74.-FIG. 2.-Problem.-To constrnct a drcle of a, given radius that 
touches a given circle and a given line. 

Sol'ution.-Let C be the given circle, M N the given line, and 
R S the given radius of the required circle. 

Draw with distance R S the line R' 0 parallel to M N. With 
CA= CB + R S= R B as radius and center C, cut line RIO in 
point A, which is the center, and A B = RI S, the radius of the 
tangential circle. 

75.-FIG. 3.-Problem.- Within a given trl:angle to 'tnsc?'ibe a circle. 
Solution.-Let ABC be the given triangle. Bisect two angles, 

A and C, by A D and CD, which intersect in. D. Draw t~e per­
pendicular DE, which is the radius, and D IS the center for the 
inscribed circle. 

76.-FIG. 4.-Problem.-To C'ircurnscribe about a given .trl:angle a cil'cle. 
Solution.-Let BAD be the given triangle. BIsect two _of the 

sides by perpendiculars, which intersect in the center of the re­
quired circle. 

77.-FIG. 5.-Problem.-To connect an,1f nurnber of points by a regular 
curve. 

80lution.-Let ABC D E, etc., be the given point~. Draw lines 
A B B C CD etc. and bisect each by a perpendICular. Take 
an· ~rbit.;ary point' G at the bisection line G N as a center, 3;nd 
with G A as a radius draw the arc A B; draw t~en B G H, a hne 
to intersect the bisecting perpendicular of B C m H, t~e center, 
and H B the radius of the arc B C; I is the cente:, radIUs I C for 
arc CD, etc. Complete the required curve to pomt F. . 

78.-FIG. 6.-Problem.-To construct (f curve to the base (~f an JOT/'IC 

colurnn. 
Solution.-Let A D and D H be the require~ dimensions given. 

Trisect A D and draw in B (1st 3d) a perpendICular, K BE; B A 
is the radius and B the center of quadrant A K. Make B E, and 
E F=BN =1/ BA and draw FENL; E is the center, EK the 
radius for arc:K L. Erect at H a perpendicular, H G, indefinite, at 

which make HI = L F, and draw and bisect F I by the perpen­
dicular M J which produced will give the intersection point G; 
draw line GF O. With F as center, F L as radius, describe arc 
L 0 ; with G as centcr, GO as radi.us, the arc 0 H. 

79.-FlG. 7.-Problem.-To construct three tangential C'ircles when thei'r 
rad1:i are given. 

Solution.-Let A, BandC be the given radii. Draw line G FE 
= A + B. Describe circle G with radius G F = A, and circle 
E with radius E F = B. With G as center, and A + C as radius, 
E as center, B + C as radius, draw intersecting arcs at H. HI 
is the radius and H the center for the third required tangential 
circle. 

BO.-FIG. 8.-Problem.-To construct three tangenNal circles when the 
three cen ters are given. 

Solution.-Let ABC be the given centers. Construct the 
triangle ABC. Make C D = C B, A E = A B, and bisect DE in 
point F. Describe the required circles from points C, A and B, 
as centers, with radii C F, A IP and B H. 

81.-l!'IGs. 9 and 10.-Problem.-To construct tangential circles within 
a g'iven ang leo 

Solution.-Let ABC be the given angle, which is bisected by 
A D. Draw a perpendicular line DC at an arbitrary point D to 
form angle DCA, which is bisected by C E. The intersection of 
A D and C E is point E; from E as center, and with the radius 
ED describe the tangential circle D F. Perpendicular to A D, at 
point F, draw F G, and parallel with C E, G H. H is the center, 
H F the radius ·for the next circle, etc., etc. 

82.-FIG. 10.-Solution 2.-Bisect the angle B A C bv A D and at an 
arbitrary point, E, erect the perpendicular E F."' Make F H = 
E F and draw perpendicular to A B in H, H 1. I is the center 
I E ~he radius of the circle E H J. Repeat this construction by
makmg L M = L J, etc., etc. 

83.-l!-'IGs. 11 and 12.-Problem.-To const1'uct o,n1/ nurnbC1' of equal 
tangential circles within Lt given dr-cleo . 

Solution.-Let CAB D be the given circle. Divide the circle 
into double the number of equal parts as you intend to draw 
circles therein; for 3 circles into 0, for 5 circles into 10 equal 
parts. 

Construct at an intersection of diameter and circumference 
point A a tangent to intersect the produced adjoining diameter 
in E. Bisect angle A E G by E F; F is the center F A the 
radius f?r on~ required ,circle. With center G of the given circle 
and radIus G F draw CIrcle F I H, to obtain I and H the centers 
of the required remaining tangential circles. ' 

Problem Fig. 12 is solved in a similar manner. 
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PLATE 10. 

TANGEN'rIAL CIRCLES. 

84.-FIG. 1.-Problem.-To divide the surface of a c/:1'cle into three 
equivalent parts bonnded by semi-circles. 

Sol~ttion.-Let C be the given circle. Divide the diameter D A 
into 2 X 3 = 6 equal parts, and describe with 1 and 5 as centers, 
1 D as radius, the semi-circles 2 D and 4 A, with 2 and 4 as 
centers, and 2 D as radius, the semi-circles D 4 and 2 A j AD 2 
= D 4 A 2 = A 4 D = l/ 3 of circle C. 

85.-FIG. 2.-Problem.-To construct a tangential circle to two circles 
at wkich the points of contact are given. 

Sol~ltion.-Let E and D be the given circles and A and B the 
points of contact. Draw line B D H and draw and bisect A B by 
the perpendicular F G, intersecting B H at C, the center of the 
required circle. 

86.-FIG. 3.-Problem.- To consh'uct three tangential circles witMn a 
semi-circle. 

SoZut~·on.-Let AD B be the given semi-circle. Divide the 
radius into 4 equal parts, erect at point 1 the perpendicular E F, 
and describe with C as center, and radius C 3, the arc E 3 }1'. 
Point 2 is center, 2 D the radius to circle CD, and E and Fare 
the eenters to the required tangential remaining circles. 

A and B are the centers, A B the radius to arcs A G and G B, 
which form a gothic arch. 

87.-FIG. 4.-Problem.-To construct two seln?:-circles and thl'ee circles 
tangential witkin a g'i'ven circle. 

Solut'irm.-Let A 3 B be the given semi-circle. Divide radius 
C 3 into 3, the diameter A B into 4 equal parts; erect at E and F 
the perpendiculars E Hand F G to A B, and at 2 the perpendic­
ular H G to C 3. E and F are the centers, E A the radius to semi­
circles A C and C B; 2 and 4 centers, 2, 3 the radius to circles 
2, 3 and 4,3, and Hand G the centers for the required remaining 
tangential circ~es. 

GOTHIC AND PERSIAN ARCHES. 

88.-FIG. 5.-~roblem.-To construct a gothic arch on an equilateml 
triang1e. (Inscribe c(, tangential circle.) . 

Sohttion. -Let A C B be the equilateral triangle. DescrIbe 
with B and A as centers, and radius A B the arcs A C and C B ; 
A E C H B is the required gothic arch. . 

Center Jj' of a tangential circle in this arch is found by m~kmg 
D G = B A, DE = B G, and drawing E B, intersecting qG, ~n F; 
the center F and radius F G give the required tangential CIrcle. 
Remal",~.-When A R represents the thickness of the stone re­

quired in work, the arcs R Sand ST are concentric with A C a?d 
C B. The lines representing the joints of stones, as N B (voussOlr­
lines), are radii in the corresponding sector. 

89.-]'IGs. 6 and 7.-Problem.-To construct c(, gotkic arch when span 
and altitttde are g'iven. . 

Solut'ion.-Let A B be the given span and DE the altItude. 
Construct an isosceles triangle, A E B, wi~h A B as bas~ an~ DE 
as altitude; bisect A E by the perpendlCular L I, WhICh mter­

sects span A B in 1. I and K are the centers, I A the radius to 
arcs AE and EB. Make DF=AI, and FG=DI, and draw 
G I, intersecting DE, in H, the center, H D, the radius to the 
tangential circle in arch A E B. 

90.-FIG. 7.-Solution 2.-Let A B be the span and CD the given alti­
tude. Construct an isosceles triangle, AD B, in which the base = 
A B, the altitude = C D. Bisect A D by the perpendicular L I, 
intersecting the produced span in I; I and J are the centers, I A 
is the radius to arcs A D and B D. AD B is the required gothic 
arch. To find center H for the inscribed circle, make C E = A I, 
EF=CI and draw FHI. . 

91.-FIG. 8.-Problem.-To construct G~ gothic arch (wood or stone) 
w£th application of previous constructions for its £nside oi'fi(J,mentation. 

Remar/c.-This problem is intended as a review of former con­
structions, and should be drawn not less than three times the 
size of Fig 8, to avoid inaccurate work by crowded lines. 

92.-FIG. 9.-Problem.-To construct a persian arch ab01lt an equilat­
eral tJ'iangle. 

Sol~ltion.-Let A D B be the equilateral triangle. Divide AD 
into 3 equal parts and draw through point 2, parallel with DB 
G 2 E, intersecting G H, drawn parallel with A B in Gand th~ 
span in E. E and F are centers to arcs A 2 and B I, and G and 
H the centers to arcs 2 D and I D; A 2 D I B is the required 
persian arch. 

93.-FIG. 10.- Problem.-To construct a persian arch when A B, the 
spa.n, and CD, the altitude, a're given. 

Solntion.-Construct with span A B as base, and with altitude 
CD the isosceles triangle AD B. Trisect A D and erect in point 
1 the perpendicular 1 E; draw E 2 G, intersecting G H (parallel 
to A B) in G. Continue as in the previous construction and ob­
tain the required persian arch, A 2 D lB. 

EGG-LINES. 

94.-FIG. 11.-Problem.-To cons/mct an egg-line on a g£ven c£rclc. 
Solution.-Let C be the given circle. Draw perpendicular 

diameters A Band CD, and also lines B D E and AD F· Band 
A are centers, radius = A B to arcs A E and B F, and Dcenter 
to arc E F; A B F E is the required egg-line.. To· obtain a more 
elongated shape of an egg-line, place centers AI BI further but 
equidistant from C, and describe arcs A E' and B F', and with D 
as center arc EI Fl. 

95. - FIG. 12.-Problem.- To construct an egg-line when the short OX?'s 1'S 

given. 
Re1r/'ar7.~.-The longest line possible to be drawn in the egg-line 

is called its long axis, and the greatest width perpendicular to it 
is the short axis. 

Solution.--Bisect the given short axis A B by the perpendicular 
DE, on which make HCl/ 6 , C12/6 of AB; CF=CG=2/6 of 
A B; F and G are centers, and F B the radius to arcs L Nand KJ 
H to K L and I to J N; K L N J is the required egg-line. ' 
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PLATE 11. 

OVALS. 

96.-FIG. l.-Problem.-To construct an oval or lens-line at adJoin­
ing equal squares. 

Definit~on.-An oval is an elongated endless curve consiRting of 
symmetrlC arcs. The longest possible line drawn in an oval is 
called ~ts long axis, and the greatest width perpendicular to it is 
called ItS short axis. Both axes divide the oval into symmetric 
parts. 

Solution.-Let A F G C and F G D B be the given squares. 
Dra,,: the diag.ona~s Fe and A G, intersecting in H, and F D and 
B C, Illtersectmg III I; G and F are centers, G A, the radius to 
arcs A Band CD, H and I the centers to arcs A C and B D. 

97.-FIG. 2.-Problem.-Tn construct an oval at a given circle. 
Solution.-Let A B F G be the given circle. Construct two 

perpendicular diameters, AF and BG, and draw ABD, AGI, 
F B E and F G H; F and A are the centers, radius F A to arcs 
E A Hand D F I; Band G are the centers, radius B D to arcs 
ED and H Ii E HID is the required oval. 

98.-FIG. 3.-Problem.-To construct an oval, at two equal circles, of 
which the circumference of one passes through the center of the other'. 

Solv:t'ion.-Let A and C be the given circles, intersecting each 
other III Band D. Draw from points Band D through centers A 
and C, lines BAG, BCH, DAF and DCE. D and B are the 
centers, radius DF to arcs FE, and GH. FEHG is the re­
quired oval. 

99.-FIG. 4.-Problem.-To construct an oval when its long and sho1,t 
axes are give'(~. 

Solution. -Let A Band CD, bisecting perpendicularly, be the 
long and short axis respectively. Draw C B and the quadrant 
C K from center E. Make C N = K B and bisect N B bv the 
perpendicular 0 L H; IE = E H, and E J = L E. and draw 
H J P, I J R and I L S. J and L are the centers, J A the radius 
to arcs P Rand 0 S, and H and I the centers to arcs P 0 and 
R S; PO S R is the required oval. 

ARCHES. 

lOO.-FIGs. 5, 6, 7 and 8.-Problem.- To construct an arch, 't:ts SpWl 

and altitude being given. 
Solution.-Let A B be the given span, and CD, the perpendic­

ular in its bisection point C, the altitude. Construct with 1/2 
A B = A C and CD the rectangle CD E A, and draw diagonal 
D A. Bisect angles ED A and E A D by F D and FA. From F, 
perpendIcular to A D, draw F H G and make I C = H C; Hand 
I are the centers, with H A the radius to arcs A F and B J, and 
G the center, radius G F to arcs F D J; A F D J B is the required 
arch. 

Remarl(.-When we assume the thickness of the stone used in 
the arch as B 0, we describe the concentric arcs 0 N, NE and E L, 
and divide these into equal parts, except keystone K, to which 
generally more prominence is given. As in the gothic arches, 
the joint lines of the stones are radii in the corresponding sector. 

lO1.-FIG. 6-Solut'ion 2.--Let A B be the given span, and CD the 
altitude. With E A as a radius shorter than the given altitude, 
and centers E, D and F} describe the circles E A, D G and FBi 
draw and bisect E G, intersecting the produced altitude in point 
H, the center, with radius H I to arc I D L. Complete the re­
quired arch A I D L B and add its stone units. 

102.-FIG. 7.-Solution 3.-Let AB be the span, and CD the alti­
tude. Construct with A C the equilateral triangle A E C, and 
make C F = CD, and draw D F G. Parallel with E C draw G HI; 
points Hand K are the centers, A H the radius to arcs A G and 
JB, and I the center, IG the radius to arcGDJ. Proceed as in 
Fig. 6, and complete the required arch and its stone units. 

lOR-FIG. 8.--Sohttion 4.-Let A B be the span, and CD the alti­
tude. Construct on altitude CD the equilateral triangle, make 
C F = C A, etc.. and proceed and complete as in Fig. 7. 

l04.-FIG. 9.-Problem.-To construct on ezz,iptic arch when span (mel 
altituele are given. 

Solution.-Let A B be the given base, CD the altitude. Pro­
duce A B, and with radius C' D' = CD = the given altitude de­
scribe semi-circle J D' A. Divide J A and span A B into the same 
number of equal parts, and erect at all division points pm'pen 
diculars. With the T square make CD = C' D', 2 E' and 4 E" = 
2 E, 1 G' and 5 Gil = 1 G, etc., and connect points B Gil E" D 
E' G' A by a free-hand line, and complete the required elliptic 
arch. 

lO5.-FIGs. 10 and ll.-Problem.-To construct ascending arches when 
span and altitude are given. 

Solution.-Let A B be the given span and C B the altitude' 
draw C A, the ascending line. Make B D (the produced span) ~ 
B C, and bisect A D by the perpendicular E G; E is center E A 
the radius to quadrant A G, and F the center, F G the radi~s to 
quadrant G C. AGe B is the required arch. Complete and add 
the stone units as in previous constructions. 

106.-FIG. ll.-Solution 2.-Let A B be the given span and B D 
the altitude. Draw D A, the ascending line, and bis~ct A B by 
the perpendicular F C ; bisect angle FE A by GJ and with J as 
center, J A as radius; describe arc A .F. Draw' F J and D H 
parallel to A B, and WIth center H, radIUS H D describe arc F D· 
A F D B is the required ascending arch. Complete and add ston~ 
units as in previous constructions. 
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PLATE 12. 

ELLIPTIC ASCENDING ARCHES. 

107.-FIG. l.-Problem.-To construct an elliptic ascending arch when 
span and altt·tude are given. 

Solution.-Let A B be the span and B C the altitude. Draw 
C A, the ascending line, and describe on A B as diameter, a semi­
circle, AN 0 B. Divide the diameter into any number of equal 
parts (6) and erect in each dvision perpendiculars at which we 
make 2' N' = 2 N, 4' P = 4 P and N' R' = N R 'and connect 
R'O' pi N', etc., by a free-hand line, which is the required arch. 

Remadc.-This curve is also applied at the base of the Ionic 
column, as Fig. 6, Plate 9. 

108.-FIG. 2.-Problem.-To construct an elliptic ascend'ing a1'ch when 
span, ,its ascending and meam. alt1:tttdes are g'/'Uen. 

SOZlIt1·on.-Let A B be the given span, BOthe ascending and 
E F the mean altitude. With the mean altitude E F = E' Ell de­
scribe the quadrant F' H A E'; divide radius E' A in 3 and sub­
divide the last 3d into 3 equal parts. Divide the span into the 
same number of proportional parts and erect perpendiculars. 
Transfer the altitudes of F' H I, etc., to the perpendicular AD, 
and draw lines parallel with the ascending line A 0, to obtain 
the points of intersection J' JII, HI H", F, etc., which points, con­
nected by a free-hand line, will give the required arch, C J" H" F 
H'J'A. 

SPIRALS. 

109.-FIG. 3.-Problem.-To construct a sp1·ral with se111/i-C'trcles when 
the spiral "fJ/e" 1:S g':vell. 

Sollltl:on.-Let 0, a sman circle, be the given spiral eye. Draw 
and produce a horizontal diameter, M A B N. With A as center, 
A B as radius, describe the semi-circle B 0; C as center, CO as 
radius, semi-circle 0 P; A as center, A P as radius, semi-circle 
P R, etc. Curve BOP R, etc., is the required spiral. 

1l0.-FIG. 4.-Problem.-To constr1lCt the· evol1~te of ((, givell tri­
angle. 

Solution.-Let ABC be the given triangle. Produce °B, B A 
and A 0; B is the center, B A the radius to arc AN; C the 
center, C N the radius to arc NO; A the center, radius A 0 to 
arc 0 P, etc., etc. Curve AN OP, etc., is the required evolute. 

IONIC SPIRALS. 

ll1.-FIGs. 5 and 6.-Problem.-To construct an Ionic spil'al when the 
the altitude is given. 

Solution.-Let A B be the given altitude. Divide A B into 16 
equal parts. The center of the spiral eye is situated in the 9th 
part from B, and its radius = 1/16 of A B. 

112.-FIG. 6.-Remarlc.--To explain division and subdivision the 
eye of the spiral in double size is represented in Fig. it~ It is ad­
visable to execute Figs. 6 and 7 in as large a scale as possible to 
facilitate an accurate division and subdivision. ) 

Draw two perpendicular diameters, D G and E H, and inscribe 
the square D F G H; inscribe in this the square 1 2.3 and 4. Di­
vide the diagonals 1 3 and 24 into 6 equal parts and draw the 
squares 5, 6, 7 and 8, and 9, 10, 11 and 12. 

The center of the first quadrant is point 12, the radius 12 D 
describe D I; 11 the center, 11 I the radius to quadrant I K etc.' 
and go back as the numbers indicate, 10, 9, 8 7 6 5 4 3 2 un~ 
til the center of the la~t quadrant is point' 1; th'e ~a(liu's i J to 
quadrant J B. To obtam the second curve, we trisect the dis­
tances 12 C, 11 C, 10 C, 9 C; also 5, 9 - 6, 10 -7 11 etc. 
etc., and with the center in the first 3d from 12 t'owa~ds C' 
draw the first quadrant; first 3d, from 11 towards 0, as cente~ 
the next quadrant, etc.,. etc, and complete the curve in the 
same order, locating the centers at diagonals in the first 
3d from the original division towards 0. 

113.-FIGs. 7 and 8.-Solution.-Let A B be the given altitude of the 
spiral, which is divided into 14 equal parts. Point ° the center 
of the eye of the spiral, is located at the 8th part from B· its 
radius 1/14 of A B. Oonstruct the square D FE H (see Fig~ 8) 
and i~scribe t~e square 1, 2, 3 and 4; bisect °1, 02, C 3 and 
C 4; blsect agam C 5, C 6, C 7 and C 8 and uraw the squares 5 6 
7, 8 and 9, 10, 11, 12. Describe, first, the quadrant D I fr~~ 
center 12 and radius 12 D, 2nd, quadrant IK from cen'ter 11 
with radius 11 I, e~c., as operated in Fig. 6, u~til point 1 is th~ 
center, 1 J the radlUs of the last quadrant J B of the third re­
volution. The subdivision for the centers of the second curve i~ 
as follows: 

Bisect C 12, C 11, C 10 and C .9, a~d bisec.t also 12,8 -11,7 -10,6 
and 9, 5, and make these blsectlOn pomts vertices of squares 
pa:allel ~o ~he squar~ 1, 2, 3 and 4. Divide further the lines 1,5 
- 2,6 - 3, j and 4, 8 mto 4 equal parts, and construct a square 
parallel to the vertices located in the first 4th from points 1 2 3 
and 4 towards C. The vertices of the squares of these subdi~i­
sions are the centers for quadrants of the second curve which 
quadrants are described as in Fig. 6. ' 
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PLATE 13. 

CAM-LINES-ARCHIMEDEAN SPIRALS. 

Definition.-An archimedean spiral is a curve in aplane generated by a point whose 
distance from a centre of rotation increases uniformly. 

Cams are arrangements in mechanics by which a rotary motion is converted into a 
reciprocating action, they are constructed by archimedean spirals. 
~emark.-The following curves, used principally in mechanics and architecture, 

should be executed by free-hand lines before the student attempts to use a curve 
rule. 

114.-FIG. 1.-Problem.-r0 construct a cam-line of 1t revolutions wheu the distance C C' between 
re'Do/utions is given. 

Solution.-With 8 equal parts, 6 of which are equal to the given distance C C', de­
scribe the circle 8 A B DE F, which is divided into 6 equal pa.rts by diameters. 
Describe circles with C as center, radius C 1, to intersect diameter B F in B/; with 
radius C2 to intersect D8 in D/; C 3 to intersect E A in E/, etc.; connect points C B' 
D' E' F' 5 C' H D by a free-hand line, to complete the required cam-line. 

115.-FIG. 2.-Problem.- To construct a heart-sbaped cam wben tbe altitude is given. 
Remark.-Heart-shaped cams are made to convert half of a revolution into forward 

motion, the other half of the revolution into backward motion. (Piston-rods· for 
pumps, etc.) 

Solution.-Let C 8 be the given altitude, which is divided into 8 equal parts and is 
the radius, C the center of the circle, divided by diameters into 16 equal parts. With 
center C, radius C 1, describe circle to intersect radii C A and C G in A and A', with 
C2 as radius to cut radii B C and J C in B' and BiI, with C3 to cut radii C C and KC 
in C' and C", etc. Connect CAl B' C' D' IE H C" B/I A" C by a free-hand line and 
complete the required heart-shaped cam. 

116.-FIG. 3.-Problem.- To construct a cam in 4 equal divisiolls, to raise a lever in the first t of 
its revolution, equal to tbe altitude B D, to remain stationary tbe second t, to descend to its first 
posihon tbe tbird t, and -remain stationary tbe last t of its ret'olution. 

Solulion.-Let B D be the given altitude, B A an arbitrary distance from the bub, 
and C the center of the cam. Describe with CO, center C, the circle D H D' 4 and 
divide it into quadrants, two opposite ones into 4 equal parts again, by diameters. 
N 4 = B D = the given altitude is also divided into 4 equal parts, 1, 2, i3 and 4, and 
with radius C 1 draw arcs 1 G/, G, with radius C2, 2 F' F, with radius C 3, 3 E' E; 
connect N G' F' E' D' and the symmetric points B G F E H by a free hand line and 
complete the required cam. . 

117.--FIG. 4-Problem.-To construct a cam in tbree equal divisions, wbicb in om revolution sball 
hft a lever = A 4 in tbe first 3d, shall remain stationary tbe second 3d, and shall rise again tbe 
third 3d all altitude = 4 B and make a suddeu escape at B, to renew its motion in tbe second 
revolution. 

Solution.-Let the two inner circles be shaft and hub circumferences, A 4 the alti­
tude of the first incline, 4 B the altitude of the second incline (the third divisi~n). 
~emark.-This construction, in applying the principles of Figs. 1, 2 and 3, WIll not 

present any difficulty to the student, and can now be solved without the assistance 
of a teacher. 

CONIC SECTIO~S. ELLIPSE, PARABOLA AND HYPERBOLA. 

llH.-·FIG. 5.-Three curves, which we obtain by sectional planes through a circular 
cone and cylinder, are of the greatest importance in .technical. work: the e(lipse, 
parabola and hyperbola. A sectional plane through the cyhnder or Circular. cone 111 an 
oblique direction, as U V or M N, respectively, creates the ellipse. A sectlOnal ~lane 
S T,. parallel to the side C B of the circular cone, creates the parabola. A sectIOnal 
plane Q R, parallel to the axis of the circular cone, creat.es the byperbola. . . . 

7Jefimlion.-An ellipse is a closed curve; the sum of the dIstances of ea.ch P0111t 111 ~hlS 
curve from two fixed points within, called foci. is equal to the IO!lg aXIS. The.e~lIpse 
has two axes, the major and minor, bisecting each other perpendIcularly and dlVldl11g 
the ellipse as well as its surface into two symmetric parts. 

119.-FTG. 6. - Problem.- To construct an ellipse when major axis (trallsversant) and minor axis 
(conjugant) are given. 

Solution.-Let A B be the major, CD the minor axis: With a radius i A B = AM 
and center C draw arc and intersections with AB, pomts F and F/, the foci; divide 

I . 

F M arbitrarily into parts, increasing in length towards M, and with F and F' as centers, 
B4 as radius, describe arcs E G and E' G'; with F and F' as centers, A4 as radius, 
draw intersections at E and G and at E' and G/. Points EE' G G' are situated at 
the circumference of the ellipse. Operate with points 3, 2 and 1 in the same manner, 
and we obtain by each operation 4 points, which lie at the circumference of the 
ellipse, as ~ith point 2, e. g., by which we locate points HJ H' J'. Connecting these 
points by a free-hand line, we obtain C E H A J G, etc., the required ellipse. 

120.-FIG. '7.-Problem.- To construct a tangent to an ellipse 'Wben tbe point of contact is given. 
Solution.-Let A C B D be the ellipse and G the point of contact. Describe from G 

as center, with radius G F, the arc F N, and draw and produce line F' G, intersecting 
arc F N in N; bisect angle N G F by I J, which is the required tangent. . 
~emark.-In elliptic arches, executed in cut stone, the joints are perpendiciilars (as 

P G) to tangents, having the unit divisions as points of contact. 
121.-FIG 7.-Problem.-Fl'om an exterior point to construct a tange!!:J to an ellipse. 

Solutt'on.-Let H be the given exterior point. With H as center, H F' as radius, 
describe arc F'O; with A B as radius, and F as center, intersect arc F'O in O. Bi­
sect arc F'O by L H, which is the required tangent. 

122.-FIG. 8.--Problem.-To construct an ellipse wben botb axes are gi'i..'en. (Praciz'ca/solution.) 
Solution I.-Let A Band C D be the given axes. Find the foci (119) and place in F, F 

and C pins, around which tie a linen thread to form the triangle F C F'. Take away 
the pin at C and place the pencil point in the triangle, by stretching the thread 
gently and forming a vertex of the triangle; draw the curve, which will be the 
required ellipse. . 

Solution 2.-A Band CD are the gIven axes. Take 0 P, a straight edge or a slip of 
paper, at which make ~' M' = AM = t A ~ and. A' C' = C M = t C D. Guide the 
straight edge to have P0111t C' follow the major aXIS, and M' the minor axis then will 
po~nt A' des~ribe t.he circUl:nference o.f the requi~ed ellipse. Locate the position of 
pomt A' dunng t~is op~ratlOn/by pencI~ ~ark~, wln.ch, connecte~, will give the ellipse. 

Remark.-Place 111 pomts C and M P111S, 111 pomt A' a penCil point, and let these 
pins slide in grooves in the place of the axes; we have an instrument called a trammel 
or ellips?graph, wi~h which we .are able to draw any ellipse by arranging points A' C' 
and M I 111 the reqUlred proportlOns. 

123.--FIG. 9.-Problem.- To construct an ellipse by /lltersecting lines. 
Solution.- Let A Band CD be the given axis, and construct with these lines the 

rectangle ~ F G H ~ divide A B an~ E G into the same number of equal parts and 
number as 111 the dlagram. Draw Imes ~ 1 P, P 20 and DB N, intersecting the lines 
C 1, C 2 and C 3 at P, 0 and N, etc., wInch pomts, connected by a free-hand line will 
be the required ellipse. ' 

124.-FIG. 10.-Problem.-To construct an elliptic curve in an oblique parallelogram. 
Solution.-Let E F G H be the parallelogram. Draw axes A Band CD bisecting 

opposite sides., and divide \ M and E C in!othe same number of equal part's; proceed 
as 111 the previOUS constructlOn and draw CPO N A, etc., the required ellipse. 

125.-FIG. 11a. -Problem.--To construct an ellipse by intersections of lines. 
Solution.-With A Band CD, the given axes, construct the rectangle E F H G' 

divide E C and A E i~ the same number of equal parts (4) and number as shown il~ 
the diagram. Draw lInes 1 A, 2 3,32, and C 1,and connect theirintersections T S R 
etc., by a frce-hand line to complete C T S R A, etc., the required ellipse. ' 

126.-FIG. 11b.-Problem.-To construct all e1ftpse Qy its tangents. 
Solution.-Draw and div~de C B into any ~umber of equal parts (4): 1,2,3 and 4, 

through which parallel Wlt~ CD draw ~ P , 00' and L L/; draw also Ell, E 2 K 
and E 3 N and lInes L N, 0 K an~ P I, which are the tangents to the required ellipse
Draw the ellipse'by a free-hand lrne. . 

127.-FIG. 12.-Problem.-To construct an ellipse l?Y the d{/Jel'mces of tu'o circles. 
.SoluNolt.-Let B f!t a.nd CD. be the given ax~s: Describe with B A and CD as 

dIameters concentnc CIrcles WIth center M. DiVIde both circles into 12 equal parts 
by the diameters. 10, 4-1~, 5-1., 7-2,8 and 3,9. Draw lines '7, 5-8,4-10,2 and 11 
1, and from the .111te~sect~on pOl.nts E F G and H the perpendiculars to 10,2-11, 1-.!.. 
7, 5 ~nd 8, 4! whIch Will gIve P0111ts NO APR D, etc., at the circumference of the 
reqUlred ellIpse. 
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PARABOLA. 

128.-FIG. 1.-Problent.-1'o Constnlct aparubohtwlwn the axis and the 
base m'e given. 

Defin1"tion.-The parabola is a curve in which the distance of 
any point from an outside right line (directrix) is equal to the dis­
tance of this point from a fixed point within, called focus. A line 
bisected perpendicularly by the axis at its terminus and inter­
secting the curve is called the base, and a parallel with it, 
through the focus, the parameter of the parabola. 

Solution.-Let AP be the axis and L K the given base. Bisect 
LP = 1/2 the ba.se LK in J, and draw J A. In J erect a perpen­
dicular to J A, J R intersecting the produced axis in R; transfer 
P R to left and right of point A, to obtain point F, the focus, and 
point 0, through which draw M N, the directrix, perpendicular 
to the axis 0 P. Divide A P into arbitrary parts, 1,2, 3, 4, etc., 
in which erect perpendiculars, and with F as center, 01 as 
radius, cut the perpendicular 1 in Band B' ; with 02 as radius, 
the same center, cut the perpendieular 2 in 0 and 0'; with 03 
as radius cut perpendicular 3 in D and D', etc., and connect 
the obtained points LE' B' ABE K by a free-hand line, which 
is the required parab~la. 

129.-FIG. 2.-Problem.--1'o construct a tangent to (l parabola when 
the point of contact 1·S given. 

Solution.--Let L R K be the given parabola, 0 P the axis, M N 
the directrix, and A the point of contact. With A as center, 
A Jj-' as radius, draw arc F B and A B perpendicular to MN. Bi­
sect arc F B by line S G, which is the required tangent. 

Problem. --1'0 construct a trwgr'.11.t to a pa,rabola. frorn an f'xte1'ior 
point, E. 

Sol'Ut1:on.--With E as center, and E F as radius, draw arc FD 
and erect at D a perpendicular to M N, intersecting the parabola 
in H, the point of contact; or bisect arc D F by line T E, which 
is the required tangent. 

130.--FIG. 3.-Problent.-1'1! const1'uct ap((mbolu when two symmetr/c 
t((ngen ts (1,1'(' given. 

Sol'Ution.-Let BE = A E be the given tangents. Divide E B 
and A E into equal parts and number as shown in the diagram. 
Draw lines 7-7, 6-6, 5-5, 4-4, etc., which are the tangents of the 
parabola. A free-hand curve tangential to these tangents is the 
required parabola. 

131.-FIG. 4.-Problent.-.To construct a panlbola u;heJi the ((XIS and 
the base aTl' gicen 01' the rectangle dm,w'l1 lO£th .these lines. 

Sol'Ution.--Let A B 6 J be the given rectangle. Divide 1/ 
2 6 J 

= D 6 and B 6 into 6 equal parts, respectively; number as in the 
diagram, and draw parallel to the axis DO lines t?rough 1~ 2, 
3, 4, 5. Draw also lines 5 D, 4 D, 3 D, 2 D and 1 D, m.terse~tHlg 
with the horizontals in points I H G E FD, etc., whIch pomts, 
connected by a free-hand line, furnish the required parabola. 

132.--FIG. 5.-Problent.--To C()rlstmct (( pnmbo/((. p1'acticall71 whe)l 
l)lISC, 0 P, and nxis, A B, arc g£ven. 

PLATE 14. 

Solution.--Locate the focus F and the directrix M N and place 
a straight edge firmly coinciding with it. Fasten a thread to a 
pin placed in F and pass it around a pin in A to a point D of the 
set square, when its side 0 D coincides with axis A B. Remove 
the pin in A and hold the pencil to stretch the thread gently, 
touching 0 D constantly, shift the set square to the left. The 
pencil point will describe the required parabola on the drawing 
paper. 

133.-FIG. 6. -Problent.-To const1'uct a gotlric a?'eh by pambolas. 

Solution.--Let A B be the span and FE the altitude of the 
arch. Construct the rectangle 0 DBA, divide 0 D into 8 and E F 
into 4 equal parts and number as the diagram. Draw lines 1 A, 
2 A, 3 A and parallel to span 111', J 2 J', and H 3 H'. Tlie points 
of intersection, A IJ H E HI J' I' B, connected by a free-hand line, 
complete the arch. 

134.-FIG. 7.-Problent.-To cOllstruct h?lb(Tbolos when the vCl,tices nnd 
fOCI· (tTe g1:ven. 

Definit1:on.-rrhe hyperbolas are curves; the difference of dis­
tances of each point to the foci is equal to an invariable line, 
the axis. 

Solution.-Place on line MN, A and B the vertices, and F and 
F' the foci equidistant from O. From F towards M mark arbi­
trary divisions and number as in diagram. With radius B 1, 
center F', - radius A 1 and center F draw intersecting arcs at 
C and 0' ; radius B 2. center FI and radius A 2 and center F draw 
intersecting arcs at D' and D, etc. Oonnect G' E' D' 0' A 0 D F G 
by a free-hand line,to complete the required hyperbola. To ob­
tain the second curve, operate symmetrically. 

135.-FIG. 8.-Problent.-To C01lstntct (( t(lJIgrnt to (( h;1jJH:rbola when 
point of contoct, P,is given. 

SOZ1.lt'ioll.-Draw iine P F, and with radius P F' and center P 
the arc F' D. Bisect F' D by the line T U, which is the required 
tangent to the hyperbola. 

Renutrlc.-The stone joints in hyperbolical arches are the per­
pendiculars to tangents at the point of contact. 

Problent.-Fl'oln all e:rterior PO'illt, R, to CO!lstJ'/{,ct ((. tUllgent to the 
hyperbo7a. 

Solution.-With R as eenter and radius R F draw arc F N : 
with F' as center and radius A B cut arc F N in N and bisect 
Jj-' N by S R, which is the required tangent to the hyperbola. 

136.-FIG. 9.-Problent.-To CO!lstnlct hyperlJolas when axis A B £s 
g£ve1l)· to find foci aneZ clJ"Clw the (fsympt()tes. 

Asymptotes are right lines to which the branches of the hv­
perbolas do approach when produced, but do not touch. ~ 

Sol'Ution.-Oonstruct the square E DOG with 0 D = A B which 
the axis divides into two equal rectangles. Draw and produce 
the diagonals M Nand 0 P, which are the required asymptotes. 
With 0 as center, 0 G- as radius, draw arcs G F' and 0 F. With 
F and F', the required foci, draw the hyperbolas, as in Fig 7. 
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PLATE 15. 

GEAR LINES-CYCLOID AND EVOLUTE. 

137.-FIG. l.-Problem.-To construct a cycloid when the generat£ng 

point A is given rtt thf circumference of the drcle. 

Definition.-A cycloid is a curve generated by a point at the 

circumference of a circle, making one revolution in rolling on a 

straight line. The cur\Te generated, when the circle rolls on 

the outside circumference of another circle, is the epicycloid, 

and when the circle rolls on the inside circumference of another 

circle, the h;IIPocycloid. 

Solution I.-Let 0 be the rolling circle, tangent A B its rectified 

circumference and A the generating point. Divide the circle 0 

and line A B into the same number of equal parts (12) and number 

as in diagram. Pass horizontals through points 1, 2, 3, etc., of 

the rolling circle and erect perpendiculars at A B in points 

1, 2, 3, etc. With points 0', 0",03 ,04 as centers, 0 A as a 

radius, describe circles lA', 2 A", 3A"', 4A4, etc., which points 

connected give the required cycloid. 

138.-FIG. 2.--Solut'l,·on 2.-]'01low the operations of the previous 

construction. Draw the circle 0 6 6, also chords 6 I, 6 H, 6 G, 6 F, 

6 E and their symmetric chords. Parallel to 6 E draw E 7 K, to 

6F, F'8L', t06G, G'9M',t06H, H'10N'andto6I, 1110'.0' 

is the center, 0' B the radius to arc B I'; N' the center, N' H' the ra­

dius to H' G'; M' the center to G' F', I~ the center to F' E' and K to 

E' D E, etc. Oomplete the construction symmetrically to the left 

of axis D K. The curve of B I' H' G', etc., is the required cycloid. 

When a cycloidal arch is executed in stone, the radii of the 

pertaining arcs are the joints of the units. 

139.-FIG. 3.-Problem.-Ttl CO}lstruct ((,II evolute at (( given ci'J'cle. 

Defiwitioll.-An evolute is a curve made by the end of a string 

un winding from a cylinder. 

80lution.-Let 0 be the given circle (the section of a cylinder). 

Divide the circumference into a number of equal parts (12) and 

draw the diameters and tangents 1 A', 2 A", 3 A"', 4 Ai, etc. 

With center 1 and radius 1 A describe arc A A'; center 2, radius 

2 A', the arc A' A"; center 3, radius 3 A", the arc A" A"', etc.; 

curve A, AI, Ali, AI" is the required evolute. 

14-0.-FIG. 4.-Problem.-To construct an extendfd evol1.tte when the 

drcle and the d'istance of extension a.re g1:ven. 

Defin'/t'ion.-When the generating point of an evolute lies within 

the circumference of the cylinder, as 0, e. g., and we construct the 

path of point 0, instead of point A, as in Fig. 3, we obtain a 

curve which is the extended evolute. 

Solut'ion.-Let 0 be the given circle, and the distance of exten­

sion be A O. Follow the previous construction until you have 

found the points of the evolute Ai A" A3 A4 etc.; erect at these 

points to the pertaining tangents perpendiculars, which are made 

equal to A 0 the distance of extension, and we obtain points 0, 
0', Oil, Oil', 0"', etc., which, connected by a free-hand curve, deter­

mine the req uired extended evolute. 

141.-FIG. 5.-Problem.-To construct (./, cyclo'id 'when the pO'int 

gener'((t'ing the CU1've -is situated at (( greate1' rad/lts tluw the rolU1Ig 

c'I:1·cle. 

Solution.-Let 0 G be the rolling circle, G 12 its rectified cir­

cumference and A the generating point. Describe with 0 A 

from 0 a concentric circle and proceed in this construction as in 

Fig. 1. Pass horizontals through the divisions of the greater 

circle and describe with radius 0 A and centers 0', 0 2, 0 3, etc., 

the circles B A', CAli, D A''', etc. Points A, A', A", A"', etc.., 

connected by a curve, are the required cycloid. 
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PLATE D. 

APPLICATIONS TO ARCHI1'ECTURE AND MECHANICS. 

147.-FIG. l.--Problem.--To constrnct a design for an ornamented 

gothic arch ,in stone. 

This construction is based on principles explained and de­

scribed in the previous pal't of this volume, and its solution 

should not present any serious obstruction to the student. 

Remar7i-.-To obtain an accurate result, it is advisable to 

make the equilateral triangle, the fundamental figure of this 

arch, not less than 10 inches a side. 

148.--FIG. 2.-Problem.--To const1'uct a pai1' of spur-wheels, their 

relat'ion to be 1: 2. 

To solve this problem we require the construction of two 

epicycloids and two hypocycloids to the ''flanks'' of the teeth, 

and it is advisable to enlist the advice of a teacher, to execute 

this important construction correctly. 
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